Mathematical model that addresses the underlying transmission mechanisms of Chagas disease and/or HIV infections is developed and analyzed. The Next Generation Method is used to construct a certain epidemiological threshold known as the basic reproduction number R 0 . The locally and globally asymptotically stable disease free equilibrium conditions for the model are established. Whenever R 0 is less than unity, the disease free equilibrium point is asymptotically stable, therefore the endemic equilibrium state does not exist. When R 0 is more than unity, the disease free equilibrium state is asymptotically unstable and so the disease will persist.
Introduction
The most urgent public health challenge today is to devise effective strategies to reduce the burden caused by Chagas disease, Human immunodeficiency virus (HIV) which results in acquired immune deficiency syndrome (AIDS) epidemic or co-infection of both diseases. Chagas disease is a parasitic infection caused by the protozoan Trypanosoma cruzi (T. cruzi) which is endemic throughout Mexico, Central America, and South America. Approximately 10 million persons are infected, 108.6 million persons considered at risk, 3-3.3 million symptomatic cases, an annual incidence of 42,500 cases (through vectorial transmission), and 21,000 deaths every year [1] [2] [3] .
Due to migration of people from the endemic regions, an increasing Public health impact has been observed in non-endemic countries, such as in Australia, Canada, Japan, Spain, and the United States [5] [6] [7] . Thus, the overlap of HIV infection and T. cruzi may occur not only in endemic areas, but also in regions that receive an increasing number of potentially infected migrants [1, 7] . Also among the at risk Chagas population, an additional risk of acquiring T. cruzi and/or HIV infection are high as transfusions are frequently used on these patients [8] .
The implications of Chagas disease in patients with HIV infection represents a potentially serious situation with high case fatality rates [9] [10] [11] . Coinfected patients may present unusual clinical manifestations such as cutaneous lesions, central nervous system problems (meningoencephalitis) and/or serious cardiac lesions (myocarditis) related to the reactivation of the infection [11] [12] [13] [14] [15] .
While extensive clinical studies have been conducted on Chagas disease in the setting of advanced AIDS [16] [17] [18] [19] [20] [21] , not much has been researched in the setting of Chagas disease and HIV co-infection despite its relevance and clinical importance. Mathematical models have also been used to gain insights into the spread and control of either Chagas disease or advanced AIDS endemic [22] [23] [24] [25] [26] [27] [28] . However, few models address the underlying transmission mechanisms of chagas and/or HIV infections while analyzing the key threshold quantity, the basic reproduction number R 0 . From epidemiological perspective, R 0 is defined such that if the value is above a certain threshold, the disease will persist in the population and if it is below that threshold, the disease will eventually be eradicated from the population [29] [30] [31] [32] [33] .
While the biological definition of R 0 is well established, its mathematical construction is rare and in some cases ambiguous. We present the mathematical model system involving Chagas disease, HIV and co-infection of both diseases and construct the stability analysis for the threshold parameter, R 0 in this paper. Next Generation operator Method for ordinary differential equations is used to construct R 0 . We then establish that the local and global stabilities of our model are completely determined by the threshold parameter R 0 .
After the model formulation in section 2, we present the basic properties, definitions, notations and preliminaries needed to construct R 0 with the Next Generation operator method in section 3. The local and global stability analyses of the model are presented in section 4. We give the conclusion in section 5.
Model Formulation
Many challenges in the model formulation of chagas and HIV co-infection exist due to their diverse transmission dynamics. HIV has many methods of transmission that includes hetro-and homo-sexual contact, mother to child transmission and intravenous needle sharing. For simplicity, we assume that the susceptible class is the general human population that is at risk to contracting chagas and/or HIV. Therefore, we divide the total human population N into five different classes: chagas susceptible class S C , HIV susceptible class S H , infectious chagas class I C , infectious HIV class I H and the infectious with both chagas and HIV class I CH . Thus, the total human population is given by
The chagas susceptible class S C represents individuals in the population N that are at risk of getting chagas disease at a rate proportional to the density of chagas infected individuals. The HIV susceptible class is those at risk of getting HIV at the rate proportional to the density of infected HIV individuals. To get to the I CH class an individual must first enter either the I C or the I H class. However, an individual in the I CH class can transmit both diseases. In addition, since the individual's immune system is compromised, that individual has a higher probability of transmitting a disease.
Assume a constant human recruitment rate of individuals in the population to the susceptible classes as σ. Then, we represent the rates of being infected with chagas or HIV as α and β, respectively. Since β = 1 − α and 0 < α < 1, the individuals who join S C is ασ while those who join S H is βσ = (1 − α)σ. If we define the effective rates of contact of Chagas and HIV by γ 1 and γ 2 respectively, then for each γ i , i = 1, 2, we have γ i = c iγi , where c i is the number of contacts with individuals infected with disease i andγ i represents the probability that contact results in transmission of the disease. Therefore, we have
where π i > 1 for i = 1, 2 is the relative rate of infection of I CH when compared to I C or I H . If individual in S C and S H classes die naturally at rate μ, then the equation that captures the transmission of the susceptible classes are:
Let the recovery rates of individuals infected with Chagas and HIV be ρ C and ρ H , respectively. As a result of co-infection, we will let the rate of individuals infected with Chagas who also get infected with HIV be represented by γ 3 and those infected with HIV who also get infected with chagas be γ 4 . Since infected individuals in both infective classes I C and I H may die naturally at rate μ, we include disease induced mortality rates, δ i ; i = 1, 2, 3 as the individuals infected with Chagas, HIV, and co-infection. Therefore, the dynamic transmission equations for the infective classes I C and I H are modeled as
Assuming that individuals in I CH class get infected at rateγ = (γ 3 + γ 4 ), die naturally at rate μ and die by co-infection at rate δ 3 , then the transmission equation for co-infection is
where (θ C + θ H ) =θ is the rate of recovery from co-infection andγ is the coinfection transmission rate. Finally, we represent the equation for individuals in the recovery class R by
Since individuals who recover from any of the disease will no longer be in the infected group or susceptible group, we are able to set dR dt = 0. Thus our system of equations for chagas and/or HIV infections is given as (9) with model variables and parameters defined in Table 1 . Rate of being infected with Chagas γ 2 Rate of being infected with HIV γ Rate of being infected with both Chagas and HIV γ 3 Rate of joining co-infection class after infection with Chagas γ 4 Rate of joining co-infection class after infection with HIV δ 1 Death rate of individual infected with Chagas δ 2 Death rate of individual infected with HIV δ 3 Death rate of individual co-infected ρ C 
Basic Properties of the Model
We first note that our region of biological interest
, is positively invariant for (9) and all solutions of (
remain in Ω for all t > 0. Before we establish the properties of the model and stability for our model, we first state definitions, notations and preliminaries in section 3.1. 
Definitions, Notation and Preliminaries

If any entry of A increases, the spectral radius also increases strictly and vise versa.
Proof. Proof of this theorem can be found in [34] .
In order to prove the stability condition of the basic reproduction number, we will need the following lemmas:
Proof. We first show that for a nonnegative matrix B, (B) < 1 if and only if (I − B) −1 exists and is nonnegative. Let (B) < 1 and consider the series
Since
−1 exists and is nonnegative. Then from theorem x.x, Bx = (B)x for some x > 0. Therefore,
Implying, 1 − (B) is an eigenvalue of I − B. Since eigenvalues of an inverse matrix are simply the inverse of the eigenvalue, we have
If (B) > 1, the term (1 − (B)) −1 < 0 and since x > 0 the right hand side of (11) is negative. However, (I − B)
−1 x is always nonnegative which contradicts the right hand side. Hence, (B) < 1. Thus
Now, define B = Λ r for r > 0 and simplify (12), we get
, Since A has the z−sign pattern, we define A = rI − Λ and get
Thus, with (Λ) < r, A is a nonsingular M−matrix.
The next lemma shows that a nonsingular M−matrix is positive stable. We need this lemma to establish the stability condition for the disease free equilibrium. The lemma implies that the real part of each eigenvalue of a nonsingular M−matrix is positive. 
Assumptions for Model Linearization
Assume our system of differential equations (9) is of the forṁ
where
for m component of x as the disease states. Then the disease free subspace is defined as
and so, the disease free equilibrium denoted by E 0 belong to X s . If however, an equilibrium E 0 / ∈ X s , which results in that at least one nonzero of the first m components then endemic equilibrium state is established. To analyze our model, we make the following assumptions: A5. Any disease free equilibrium E 0 is stable in the absence of new infection. So, If F (E 0 ) = 0, then all eigenvalues have negative real parts.
Linearized Structure of the Model
Based on assumptions (A1)-(A5), the linearized structure of our model equation (9) is partitioned by the Lemma as
Lemma 3.9. If E 0 is a disease free equilibrium and assumptions (A1)-(A5)
are satisfied, then the derivatives DF (E 0 ) and DV (E 0 ) are partitioned as
whereF andṼ are the m × m Jacobian matrices defined respectively as
In addition,F is nonnegative,Ṽ is nonsingular M−matrix and the eigenvalues of J d have positive real part.
Proof. To prove the positivity ofF , we recall that since E 0 ∈ X s , x i = 0 for i = 1, ..., m and x i ≥ 0 for i = m + 1, ..., N. Using (A1) and (A4) we have
We now prove the no singularity M−matrix ofṼ . For i = 1, ..., N and i = j and using (A1), (A2) and (A4) it is clear that ∂V i ∂x j (E 0 ) ≤ 0. This is equivalent toṼ having z−sign pattern. In addition, we notice that (A3) and (A4) implies F i (E 0 ) = 0 ∀i. From (A5), if F i (E 0 ) = 0 ∀i, then all eigenvalues have negative real parts. Thus,
Since the matrix is triangular block , the eigenvalues are the same as that of −Ṽ and −J d . Hence, all eigenvalues ofṼ and J d have positive real parts. Therefore from Lemma 3.7, sinceṼ has the z−sign pattern and is positive it implies it is a nonsingular M−matrix.
Stability Analysis of Disease Free Equilibrium
Since the region Ω is positively invariant, it is sufficient to use the transmission dynamics of the flow generated by (9) in Ω, where existence, uniqueness and continuity of the system hold for (13) . In this section, the local stability of disease free equilibrium state is established. To ensure that disease eradication is independent of the initial sizes of the sub-susceptible populations, we show that the disease free equilibrium state is globally asymptotically stable at a certain threshold value.
Disease Free Equilibrium
The disease free equilibrium denoted by E 0 is calculated by setting the infectious classes (I C , I H , I CH ) equal to zero. Thus,
This implies that the population, in the absence of diseases, will reach a demographic equilibrium. However, it remains to study the stability of E 0 .
The Basic Reproduction Number
The basic reproduction number (or rate, or ratio) denoted by R 0 is the average number of secondary cases arising from a single primary case in a very large population of susceptible. It is primarily used as a threshold parameter to determine the stability of E 0 . If R 0 < 1, the disease will fade out of the population, but if R 0 > 1, the disease will persist and become endemic to the population. Also, the larger the magnitude of R 0 , the faster the disease will spread, and presumably the more difficult it will be to control. To establish R 0 for our linearized model, we describe the appearances of new infections by vector F and the transfer of existing infections by vector V . In order words, the i th component of the vector F describes new infection arising in state x i and the i th component of the vector V is the transfer of existing infections into state x i .
The Jacobian matrices generated by differentiating F and V with respect to the relevant subset of variables are computed at a non-trivial E 0 , resulting in the matricesF andṼ respectively. The (i, j) component of the matrixF is the rate at which individuals are infected from one disease before the other while the (i, j) component of the matrixṼ is the transfer of existing infections. Thus, R 0 = (FṼ −1 ) is calculated with the spectral radius operator (·). For our model, the vectors F and V are obtained from the system equation (9) as:
Using (2) and (17), the Jacobians of F and V with respect to the infectious classes calculated byF =
are respectively obtained as
Therefore, the next generation matrix defined byFṼ −1 is
Thus, R 0 which is the dominant eigenvalue of matrix (16) is obtained as
where R 0C and R 0H are the two spectral radii representing the reproduction numbers for chagas and HIV disease respectively. Biologically, R 0C and R 0H are interpreted as the average rates of new infections introduced by a single infected individual during the mean infective period.
Local Stability Analysis
We now show that if a vector E 0 is a disease-free equilibrium, it is locally asymptotically stable if R 0 < 1 and unstable if R 0 > 1, where R 0 is the spectral radius of the Next Generation Matrix, generated by R 0 = (FṼ −1 ).
Theorem 4.1. Consider the model system (9) re-defined in (13) Proof. From Lemma 3.9, the linearized system is of the form 
Statements (18)- (20) proves that:
Also, since −J a has the z−sign pattern, it is a singular M−matrix ⇔ the real part of every nonzero eigenvalue of −J a is positive and has a zero eigenvalue. Thus −J a is a singular M−matrix ⇔ every nonzero eigenvalue of J a has negative real part and J a has a zero eigenvalue.
SinceF ≥ 0 andṼ is a nonsingular M−matrix, we have
Again since I −FṼ −1 has the z−sign pattern andFṼ −1 ≥ 0, we get
Therefore, combining statements (22)- (24), we conclude that
Nonzero eigenvalue of J a has negative real part and has zero eigenvalue
Since E 0 is unstable ⇔ there exists an eigenvalue of J a that has positive real part, it follows from (21) and (25) that E 0 is unstable if and only if R 0 > 1.
Applying the concept to our model, the Jacobian matrix is given by
Evaluating the Jacobian at E 0 using (15) gives
The eigenvalues from J(E 0 ) = J(S C 0 , S H 0 , 0, 0, 0) are determined as
λ 3 = −(μ +θ + δ 3 ) has a negative real part and hence meets our stability condition. For λ 2 to meet the stability condition,
Similarly,
Therefore, our model equation (9) satisfies the stability conditions analyzed in this paper.
Global Stability Analysis
We now prove the global stability of the disease free equilibrium by establishing the following theorem. 
Then, E 0 is globally asymptotically stable provided R 0H < 1 and condition (29) is satisfied.
Proof. Consider Thus,V (X, Y ) ≥ 0 ∀ (X, Y ) ∈ Ω and so E 0 is globally asymptotically stable for R 0H < 1.
Conclusions
In this paper, Chagas and/or HIV infections epidemic model was designed and analyzed. The construction of the basic reproduction number R 0 was established using the Next Generation operator Method. The local and global stability analyses of the model were proved. The theoretical and epidemiological findings were:
i R 0 is a sharp threshold parameter and completely determines the local and global stability of (9) in a positively invariant region Ω.
ii The model (9) has a locally stable disease free equilibrium whenever the associated reproduction number is less than unity. In addition, the disease free equilibrium is globally asymptotically stable and the disease will die out.
iii If R 0 is strictly more than one, the disease free equilibrium state is locally and globally asymptotically unstable, implying the disease will persist.
